Abstract. In this paper we prove that any sheaf of modules over any topological space (in fact, any O-module where O is a sheaf of rings on the topological space) has a flat cover and a cotorsion envelope. This result is very useful, as we shall explain later in the introduction, in order to compute cohomology, due to the fact that the category of sheaves (O-modules) does not have in general enough projectives.
Introduction and preliminaries
In the category of O-modules on a topological space X (where O is a sheaf of rings on X) it is known that, in general, there are not enough projectives. However, every O-module is the quotient of a flat O-module and so every O-module has a flat resolution. These flat resolutions can be used to compute homology (i.e. to compute Tor O n (F, G) for right and left O-modules F and G). However, these flat resolutions are not adequate for computing cohomology. This means, for example, that when applying Hom(G, −) to two flat resolutions of some F , the two resulting complexes may fail to have the same cohomology groups. In this article we will show that every O-module has a flat precover, and in fact that it has a flat cover (Theorem 2.7). Such a precover is necessarily epimorphic. Then, it is clear that any two flat resolutions of some O-module which are computed using successive flat precovers are homotopically equivalent, and so both will give the same homology and cohomology groups when any additive functor (whether covariant or contravariant) is applied to them. In some sense this remedies the deficiency of not having enough projectives in the category of O-modules
In order to prove the existence of these flat covers we will first prove their existence in the category of O-premodules (i.e. where we have presheaves instead of sheaves) in Theorem 2.6. Then we will see that the flat cover of an O-module in the category of O-premodules is in fact an O-module and so is a flat cover in the category of O-modules.
We will also prove that every O-module has a cotorsion envelope (Theorem 3.2). If F is a class of objects in a category C and if X is an object of C, then an F -precover of X is a morphism ϕ : F → X where F ∈ F and such that
If an F -cover of X exists, it is unique up to isomorphism. The dual notions are those of an F -pre-envelope and envelope of X. Precovers, covers, pre-envelopes and envelopes are often named according to the class F . So, for example, a flat cover in the category of left R-modules over some ring R is an F -cover where F is the class of flat left R-modules. See [5] for other examples.
If A is an abelian category and F is a class of objects of A, then by F ⊥ we mean the class of objects C of A such that Ext 1 (F, C) = 0 for all F ∈ F. By ⊥ F we mean the class of G such that Ext
where ϕ is an epimorphism, and such that ker(ϕ) ∈ F ⊥ is called a special F -precover of A. A special precover is a precover since if F ∈ F, we have the exact sequence
The dual notion is that of a special pre-envelope. Given a class F of objects in an abelian category A, we say that (F , F ⊥ ) is cogenerated by a set if there exists a set S ⊆ F (and so not just a class) such that S ⊥ = F ⊥ (see Salce [11] for this terminology). If A is an abelian category with small direct limits and if X is an object of A, we say that X is the continuous union of the chain of subobjects {X α ; α < λ} (λ an ordinal number) of X if X α ⊆ X β when α ≤ β < λ, if X β = α<β X α where β < λ is a limit ordinal, and if X = α<λ X α .
Some of the results we will now show have not appeared in print and so we will give their full statements (but without proofs). Also, we will make some slight changes in the hypothesis. But in each case the proof will easily still go through. 
, this sequence splits and so G is a direct summand of F . Hence G ∈ F.
We note that Eklof and Trlifaj credit the idea for the proof of this result to [6] . Also see [10, Lemma 3.3] Now let X be a topological space and let O be a sheaf of rings on X. We let A be the abelian category of O-premodules (or in Serre's terminology [12] , the category of presheaves of O-modules). We will say that an O-premodule F is said to be flat if lim → x∈U F (U ) = F x (where the limit is taken over all open U ⊆ X with x ∈ U ) is a flat O x -module for all x ∈ X. This agrees with the usual definition of flat in the category of O-modules but differs from Swan's [13, pg. 195] . It is convenient for our purposes since our interest is the category of O-modules. A premodule which is flat using Swan's definition is also flat in our sense.
It is clear that if F is a continuous union of a chain of subobjects {F α ; α < λ} with F 0 and each F α+1 /F α flat, then F is flat. Also, any direct summand of a flat O-premodule is flat, and if we denote by F the class of all flat O-premodules, F is closed under small direct limits. Hence, to be able to apply Theorem 1.1 (and Theorem 1.2) with these A and F we only need to prove the easy result that A has enough projectives and then that (F , F ⊥ ) is cogenerated by a set. We will need one more reduction of our problem. This is provided by the following result.
Theorem 1.3 (Eklof [3]). Let F be an object in a Grothendieck category. Let F be the continuous union of a chain of subobjects {F
This result is useful in proving that (F , F ⊥ ) is cogenerated by a set. It is used in this fashion. If S ⊆ F is a set and if every F ∈ F is the union of a continuous chain {F α ; α < λ} of a subobject with F 0 and each F α+1 /F α isomorphic to an object of S, then the theorem implies S ⊥ = F ⊥ and so that (F , F ⊥ ) is cogenerated by a set. Suppose we are in a concrete category (so the objects are sets with some structure) satisfying the hypotheses of Theorem 1.3. Suppose that F is a class of objects that is closed under direct unions. If we can find a cardinal ℵ such that for x ∈ F ∈ F there is a subobject S ⊆ F with x ∈ S, with |S| ≤ ℵ and with S, F/S ∈ F. Then it is easy to see that we can write F as the union of a continuous chain {F α ; α < λ} of subobjects with
Then if S is a set of representatives of the objects S ∈ F with |S| ≤ ℵ, we see by Theorem 1.3 that S ⊥ = F ⊥ and so that (F , F ⊥ ) is cogenerated by a set.
In the next section we will prove that the category A of O-premodules (with O a presheaf of rings on a topological space) has enough projectives and that with F the class of flat O-premodules there exists a cardinal ℵ as above.
Flat covers
We let O be a sheaf of rings on the topological space X. Let U be open and let
Let G be any O-premodule and let f :
Note that (
Also, we see that any O-premodule G can be written as the quotient of a direct sum of F U,P 's for open U ⊆ X and projective O(U )-modules P . Hence, we have proved the next result. We will now prove the other desired condition on the class of flat O-premodules. We recall the following. 
We want to prove an analogous result for the category of O-premodules. Given an O-premodule F , we let |F | = | F (U )| with the coproduct taken over all open U ⊆ X.
Given an O-premodule F , we will say that a subpremodule G ⊆ F is pure if 
So, in general, having constructed G α with α + 1 < λ and |G α | ≤ ℵ, we let G α+1 be generated by
If β < λ is a limit ordinal, we first let
and with |N β | ≤ ℵ, and let G β be the subpremodule of F generated by N β ∪ ( U∈U G β (U )).
So we get an increasing sequence {G α ; α < λ} of subpremodules of F with
Letting G λ = α<λ G α we have |G λ | ≤ ℵ. Now using the same procedure as above we can find a subpremodule
pure. So we can construct the increasing sequence {G λ+α ; α < λ} with |G λ+α | ≤ ℵ and G λ+α (U α ) ⊆ F (U α ) pure for every α.
After this sequence has been constructed, we can construct the increasing sequence {G 2λ+α ; α < λ} in a similar manner, and so finally we have the increasing sequences {G nλ+α ; α < λ} n ≥ 0 with |G nλ+α | ≤ ℵ for each n and α and with G nλ+α (U α ) ⊆ F (U α ) pure for each n and α.
We let G = sup n,α G nλ+α . Then |G| ≤ ℵ. Also, we see that for any α < λ,
, we see that we have the desired G. Proof. This is proved in the same way that Corollary 2.3 was proved.
It is known that the categories of O-(pre)modules have enough flat objects, that is, every O-(pre)module is a quotient of a flat O-(pre)module (see for example [13, Corollary 6.8] ). In fact, given two flat resolutions of an O-module A, and two morphisms f, g between these resolutions, over the same morphism (id A : A → A), one can find a third flat resolution of A, and a morphism of resolutions h over id A , in such a way that f h and g h are homotopic ([13, Lemma 4.2]). However, one cannot still assert that two arbitrary flat resolutions of A are homotopically equivalent. This problem will be solved when one can assure the existence of flat precovers, since then one can construct flat resolutions of an O-(pre)module by taking successive flat precovers. It is then clear that all flat resolutions of an O-(pre)module constructed in such a way are homotopically equivalent (so all of them have the same homology and cohomology groups no matter what additive functor is applied to them). The next two results will be devoted to prove the existence of not just flat precovers but flat covers of O-premodules and O-modules. First, though, we emphasize the distinction between a flat cover in the category of premodules and in the category of modules. In the first case the F in question is only required to be a premodule (but a flat one) and in the second case is required to be a module. Proof. We let F be the class of flat O-premodules and let F ∈ F. By Corollary 2.5 we have that F is the union of a continuous increasing sequence {F α ; α < λ} of pure subpremodules. Since F α (U ) ⊆ F (U ) is pure for all U , (F α ) x ⊆ F x is pure for all x ∈ X. Thus, (F α ) x is flat for all x ∈ X and all α < λ, and then, for α +1 < λ, we similarly get that (
Similarly, F 0 is flat, so by the remarks at the end of Section 1, we see that (F , F ⊥ ) is cogenerated by a set. Then, by Theorems 1.1 and 1.2 (with A the category of O-premodules) we get the result.
We now prove our main result. Proof. We recall the process of sheafification of a presheaf, or in other words, the way to create an O-module from an O-premodule (see for example [8, Section II.2] ). Given the premodule F , there is a morphism F → F of premodules with F an Omodule such that every morphism F → G of F into an O-module G can be factored uniquely F → F → G. Also, by the construction of F , F x = F x for all x ∈ X, so F is a flat O-premodule if and only if F is a flat O-module (this can also be seen in [13, Lemma 6.7] ). Now let G be an O-module. By Theorem 2.6, G has a flat cover F → G in the category of premodules, but then we have the factorization We note that Theorem 2.7 was proved for modules (when X is a point) in [2] .
Cotorsion envelopes
The next result is useful in proving the existence of envelopes. [14] is for modules, but these are easily adjusted to this situation.
We let O be a sheaf of rings on X and A the category of O-modules. Let F be the class of flat O-modules. Then, the objects C ∈ F ⊥ are called cotorsion modules.
We want to appeal to the first part of Theorem 1.1 to guarantee that every object of A has a special F ⊥ = C-pre-envelope. To do this we only need to argue that (F , F ⊥ ) = (F , C) is cogenerated by a set. Given F ∈ F, we appeal to Corollary 2.5. Hence, F is the union of a continuous chain {F α ; α < λ} of pure subpremodules. Since F α ⊆ F and F is an O-module, we get that F α ⊆ F (where F α is the sheafification of F α ) and so F is the union of the continuous chain {F α ; α < λ} (in A). Since F 0 and F α+1 /F α are flat presheaves (for α + 1 < λ) we get that F 0 and F α+1 /F α are flat sheaves, and since |F 0 | ≤ ℵ and |F α+1 /F α | ≤ ℵ (with the ℵ of Corollary 2.5), we also get that |F 0 | ≤ ℵ ℵ , |F α+1 /F α | ≤ ℵ ℵ (because |U| ≤ ℵ, where U is the set of all open subsets of X). So now, arguing as in the proof of Theorem 2.6 we see that (F , C) is cogenerated by a set. Thus, Theorem 1.1 guarantees that every O-module has a special C-preenvelope. Then, by Theorem 3.1 (taking note that (
, every O-module has a C-envelope, i.e. a cotorsion envelope.
Therefore, we have proved the next result.
Theorem 3.2. If O is a sheaf of rings on a topological space X, then every Omodule has a cotorsion envelope (in the category of O-modules).
It would be interesting to know whether a modification of these methods proves the existence of flat covers in the category of quasi-coherent modules when O is the structure sheaf of a scheme.
